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1. INTRODUCTION 
In two earlier papers [4, 51 I have found the involution classes of the 
symplectic and orthogonal groups over perfect fields of characteristic 2, 
and of their related simple groups. These classes are completely specified 
by the geometry of the relevant quadrics. My present purpose is to describe 
similarly the involution classes of the unitary and special unitary groups, 
and of their projective counterparts, over such fields. 
Unitary groups exist over a field K provided K has an involutory auto- 
morphism. In a massive paper on Hermitian geometry [9] Segre gives a 
condition for there to be just one kind of unitary group of each degree once 
the automorphism is prescribed. This condition is automatically satisfied 
if K is perfect and of characteristic 2. 
I f  K is GF(29) then K has an involutory automorphism, necessarily unique, 
if and only if p is even. For the corresponding unitary group of degree m, 
U,(2P), Ennola [6] gives simpler proofs of Wall’s criteria in [ll] for two of 
its members to be conjugate. Wall’s scope is wider but he does not describe 
the involution, or other, classes. As he remarks in his introduction, “to 
solve these problems means to reduce them to standard problems of 
linear algebra”. 
2. HERMITIAN FORMS AND THEIR GROUPS 
2.1. We suppose that K is a field of characteristic 2 with a non-trivial 
involutory automorphism. For each h in K we shall denote its image in this 
automorphism by A, and K,, will denote the fixed field. K is then a separable 
extension of K,, of degree 2 and standard results of field theory imply that K 
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and K, are perfect together (see, e.g., [8, p. 59, Ex. 61). We shall suppose 
that both are perfect. 
The mapping 
a: h ---f xx 
is a homomorphism from the multiplicative group K* of K to that, K,,*, of 
K,, . Since each member of KC,* has a square-root in K,* we see that o is 
surjective. 
2.2. We take V to be a vector space of dimension m + 1 > 2 over K 
and Z(a) to be a nonsingular Hermitian form on I’ associated with the given 
automorphism. Once coordinates are chosen we have 
2qz) = Z’XZ, (1) 
where X = .@’ is a nonsingular (m + I)-square Hermitian matrix. 
Associated with Z(Z) is its polarising sesquilinear form ,f(ai , ~a), where 
in the given coordinate system [2, p. IO] 
Iff 6% 1 zp) vanishes so does f (.zn , zi) and we say that xi and xa are conjugate 
with respect to X(Z). To a subspace W of V corresponds its conjugate 
subspace IV’, and their dimensions sum to m + 1 [2, p. 131. 
The zeros of Z(x) are the only self-conjugate vectors and are called 
isotropic. A subspace W of V is called totally isotropic if each of its vectors 
is isotropic. DieudonnC [3, p. 641 h s ows that this is so if and only if WC W’. 
The index v  of X(Z) is the maximum dimension of the totally isotropic 
subspaces and satisfies 2v << m + 1 [3, p. 651. 
2.3. The unitary group D;,+,(K, 2) of S(Z) consists of those linear 
transformations of V which preserve X(Z). I f  the coordinates are chosen so 
that Eq. (1) holds then U,,,+,(K, 2) consists of those matrices A which 
satisfy [3, p. 651. 
A-‘&+A 1 &?. (3) 
Thus, from Eq. (2), U,+,(K, 2) is just the group preserving the polarity 
related to Z(Z). Further, from Eq. (3) we deduce that 
detA.detA = 1. (4) 
U,+,(K, 2) has a normal subgroup consisting of those members with 
unit determinant. This is the special unitary group SU,+,(K, X). 
2.4. Standard procedures allow us to choose coordinates so that LZP is 
diagonal with entries in K,,* [3, p. 641. As Segre remarks [9, p. 171 the surject- 
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ivity of ci means that we can reduce further and take 2 to be 1,,,i . Thus, 
given the automorphism, all nonsingular Hermitian forms on V are equivalent 
and we may write U,,+,(K) for U,+,(K, 9) and SU,,,,(K) for SU,,,+,(K, Z). 
I f  m = 2% + 1 we may thus take coordinates 
so that 
If  K is finite then this is the form used by Dickson [ 1, p. 1151 for his hyper- 
abelian group. The subspace given by x = 0 has dimension n + 1 and 
is totally isotropic. Thus by Section 2.2 Z(z) has index n + 1 := [(m -I- 1)/Z]. 
Likewise if nz = 2% + 2 we may take coordinates 
2’ = (3” , Xl ,‘.., x’, , yo > y1 ,..., yn , u) = (x’, Y’, 4 
so that 
2qz) = x5 + yx + uu. (6) 
Consideration of the subspace given by N = 0, u = 0 shows that Z(z) 
has index 11 + 1 = [(m + 1)/2]. 
Whenever calculations are needed we shall always work with these 
coordinate systems. 
3. SOME USEFUL NOTATION 
3.1. If  a is an (r + I)-square matrix over K for some Y < n we shall 
mean by a,,, and a,,, the respective (n + I)-square matrices 
(14 Fn_,ij G i,J 
3.2. If  X(z) is as in Eq. (5), then any member of U,,+,(K) fixing the 
subspace w given by x = 0 has the form (“, s) with A, B, C (n + I)-square. 
This matrix takes 9(z) to 
x’a,Cy +y'C'Ax + a'(A'B + B'A)x, 
so we must have A’C = In+1 and A'B = B'A = H where H is Hermitian. 
The stabiliser of w in U,,+,(K) thus consists of all ((A,&lH c,r?j-l), with A 
nonsingular and H Hermitian. We shall write this element as (A : H) 
(cf. [4, Section 4.21). Direct multiplication gives 
(A,: fq(A,: H,) = (A,A,: &H,A,+ H,). (7) 
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3.3. If  U is a member of Gz,+,(K) then (r T) is a member of the group 
of the &(.a) of Eq. (6). We may write this as (U, 1). In particular we have 
as members of L’ anta the matrices ((A : H), 1) which we shall write as 
(A : H, 1). 
4. THE INVOLUTION CLASSES OF 7&+,(K) AND SU,+,(K) 
4.1. An involution A of D;+,(K) h as a subspace W’ of fixed vectors: let 
W’ have dimension m - Y < m. The axis of A is the intersection of all the 
hyperplanes fixed by A and is contained in W’. This is the vector-space 
interpretation of the result Segre proved in [lo, p. 2341 (see also [2, p. 51). 
By Section 2.3 a hyperplane is fixed by A if and only if its conjugate ray is 
fixed by A. But if a ray is fixed by A so is each of its vectors, so the axis of 
A is W, the conjugate space to W’, with dimension Y  + 1. Each member of 
W is self-conjugate, so by Section 2.2 W is totally isotropic. 
4.2. We are now in a position to prove. 
THEOREM I. Suppose that K is a perfect Jield of characteristic 2 with 
an involutory automorphism, and that G‘?‘(Z) is a corresponding nonsingular 
Hermitian form of degree m + I > 2. If  U,,+,(K) is the group of X(.x) then 
U,,+,(K) has [(m + I)/21 classes qf involutions CO , Cl ,..., Cl(m-1~,21 . Further, 
the members of C, have as axes the totally isotropic subspaces of A?(z) qf 
dimension r + 1. 
Proof. U,,+,(K) is transitive on the totally isotropic subspaces of each 
dimension [3, pp. 65 and 181. Moreover, by Sections 2.2, 2.4, 4.1 each 
involution must have an axis of the type stated. Hence we need only prove 
that, for each Y with 0 < Y < [(m - 1)/2], there are involutions having as 
axis a particular totally isotropic space of dimension Y $ 1, and that any 
two such are conjugate. 
Case 1. m = 2n + 1. We take Z(a) as in Eq. (S), and take as our 
possible axis W the conjugate space of W’ given by x0 = ... = X, = 0. 
The w of Section 3.2 lies in W’ so any involution with axis W fixes w element- 
wise and so is an (In+, : H). That each member of W’ is fixed demands that 
the last n - Y columns of H are zero. Since H is Hermitian this means that 
H = h,,, where, since W’ is precisely the fixed space, h is nonsingular and 
Hermitian. The involutions with axis W are precisely these (In+i : h,,,). 
They are involutions by Eq. (7). A particular one is, with a slight abuse of 
notation, (I,,, : I,,,). By Section 2.4 there is an (r + I)-square matrix a 
so that Zha = I. 
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Then by Eq. (7) we have 
Hence (Zn.+r : h,.,,) is conjugate to (I,,,, : II.,“), and the result is proved. 
Case 2. m = 2n + 2. We take X(z) as in Eq. (6) and W’ as 
x ” = x1 = ... = x, = 0. Any involution with axis W must fix (0, 0, I) 
and its conjugate hyperplane u = 0. Thus any such involution is a (U, 1) 
where I! is an involution of D;,+,(K). T o complete the proof we have only 
to replace each (A : H) in the argument for Case I by the corresponding 
(A : H, 1). 
4.3. Any involution satisfies (det A)2 = 1 and hence det il = I. Thus iz 
belongs to SU,,,+,(K). In fact, we have 
THEOREM 2. Zf the conditions and notation of Theorem I hold, then the C, 
are the inaolution classes of SlJ,,+,(K). 
Proof. All we need to show is that SU ,,{+,(K) is transitive on the totally 
isotropic spaces of dimension r + 1, and that any two involutions with the 
same axis are conjugate in SU,+,(K). In view of Section 4.2 and Eq. (4) 
this follows if, for each /\ in K* satisfying ,\A = 1, we can find a member B 
of U,+,(K) with determinant h; and such that B fixes a particular such axis W 
and lies in the centraliser of a particular involution il, with axis W. 
Case I. m = 2m + 1. We take W as in Section 4.2 and A, as 
(L+1 : ‘T,l& 
Since hX = 1 there is a CL, say X/(1 + X) if X # 1, so that ph = p. In fact 
this is a very special case of Hilbert’s Theorem 90. We may replace p by PC 
where c is in K,*. Thus, since K,, is perfect we may assume that p,ii = I. I f  B 
is (~a,~ : 071+1), then B has determinant Z&-l = h and B clearly fixes W 
and thus W. Moreover, a quick calculation with Eq. (7) shows that B 
centralises A, . 
Case 2. m = 2n + 2. We take w’ as in Section 4.2 and replace each 
(A : H) in the proof of Case 1 by the corresponding (A : H, 1). 
5. THE INVOLUTION CLASSES OF PU,+,(K) AND PSU,+,(K) 
5.1. The rays of Z’ form a PG(m, K) which we shall call ,X. The isotropic 
rays of I’ then correspond to the points on the Hermitian locus 9, and the 
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totally isotropic subspaces of dimension Y + I to the [r] on 2. The polarity 
with respect to X(z) induces a polarity in 2 with respect to 2. 
The homomorphic image of U,,,,,(K) in Z is the projective unitary group 
PUm+,(K), isomorphic to the quotient group of C’,+,(K) by its scalars. 
The homomorphic image of SU,,,+,(K) lies in PCT,+,(K) and is a copy of 
the projective special unitary group PSU,+,(K). Its importance arises 
from the fact that it is simple except when K = G&(4) and m =- 1 or 2 
[3, p. 701. 
The construction of PU,,+,(K) h s ows that each of its members fixes 2 
and its associated polarity. In fact it is easy to show that PUTI,,,, is the 
group of 2. 
5.2. Suppose that A is a member of class C, of Urn+,(K) which has axis 
Wand fixed space W’. In Z the subspaces W, IV give rise to L, L’ respectively, 
conjugate spaces with respect to 2. If  the image of A in PUT,,,,(K) is 01, 
then L’ is the space of fixed points of w The axis of OL, the intersection of all  ^
the primes fixed by 01, is L which is an [r] on X. Thus cy is an involution, 
and the images of the C, in PC:,,,+,(K) I’ te in [(m -t I)/21 distinct involution 
classes of P&+,(K). 
Conversely, suppose that 01 is an involution of PU,+,(K), and that A in 
U7,,_,(K) has image a. Then we have .42 = A&+, where, by Eq. (3), Ah; = 1. 
If  CL is the square-root of h-l then pp -:= 1. Hence B = PA belongs to 
U,,,,,(K), has image LX, and is an involution. Further, since h-l has a unique 
square-root, B is the only involution of U,+,(K) with image 01. 
There is thus a bijection between the involutions of U,,,(K) and those 
of PUN,,+,. From Theorems I, 2 we deduce immediately 
THEOREM 3. Suppose that K is a perfect jield of characteristic 2 with an 
involutory automorphism, and that & is a corresponding Hermitian locus in 
PG(m, K), then 
(i) The corresponding group PU,,+,(K) has [(m + I)/21 classes of 
involutions CO , C, ,..., CI(nl+I) ,aI . 
(ii) The members of C, have as axes the [r] on 2. 
(iii) The C, are the involution classes of PSU,+,(K). 
6. THE SIZE OF THE INVOLUTION CLASSES WHEN K IS FINITE 
The only finite fields of characteristic 2 with involutory automorphisms 
are the GF(g*) where q = 29. If  K is GF(q2) then 1 = A’J and & is then 
a primal. 
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The orders of the groups GL,,,(q2) and CT,.+r(q2) are [2, pp. 40, 491, 
respectively, 
r+1 r+1 
9 
~(r+l) n (q2i - 1) and q(1.2W/2 n (qi _ (- l)i). 
i=l i=l 
Thus by Section 2.4 the number of nonsingular (r f  I)-square Hermitian 
matrices is q(r2+r)i2 n:z: (qi + (- 1 >i). 
The number of totally isotropic subspaces of dimension Y + 1 is the 
number of [Y] on 2, and is denoted by Segre [9, p. 431 by g(m, r). The 
formula he gives, when used in conjunction with Eq. (4) of [9, p. 401 shows, 
when we replace his q by our q2, that 
g(m, r) = I”ill (qi - (-,)# ii’(q2i - 1) 
2-m 2r !  !  i=l 
From Sections 4.2, 5.2 we deduce 
THEOREM 4. Suppose that C, is as in Theorem 1 or Theorem 3, then C, 
has precisely 
Q (r2+1.)‘2 
members. 
The groups U,(4), U,(4) are, respectively, the symmetric group of degree 3 
and the cubic surface group of size 25,920 [7]. These give a conforting check 
on our arithmetic. 
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